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The problem of simultaneous development of velocity and tempera- 
ture profiles in a two-dimensional tube is examined. The assumption 
is made that the liquid viscosity depends on temperature, while the 
other parameters are constant. 

Some prob lems  concerning the motion of an incom- 
p ress ib le  liquid whose v i scos i ty  depends on t e mpe ra -  
tu re  were  examined in [1-4] .  The presen t  paper  ex-  
amines  the stabil ization of a uniform veloci ty prof i le .  
For  i so thermal  flow, a numer ica l  solution was given 
in [5] for  the approximate  equations descr ibing the 
development of the motion in a two-dimensional  tube.  

Under the usual  assumptions  the equations for  the 
development of veloci ty and t empe ra tu r e  prof i les  in 
a two-dimensional  tube have the fo rm [1, 2] 

ap _ 0; av 

o ' r  
v'-~-x + v-~-j)=: Oy---7+--~-(Oy ] 

Or, av y 
Ox + -~v =0 ;  

F = P. (T) (1) 

with the boundary conditions 

v~ =V, T = T~, P = Po when x = O ,  

OT 
v. --0, v~ = O, a~ -~y + a~T = A when y = O ,  

v~=O,  v ~ = O ,  ~ 07" . ~ T  = B  w h e n y : = , h ,  
OV 

where h is the width of the tube, and V, TI, ~t, c~, A, 
&, /3~ B a re  constants .  

Let us examine numer ica l  solution of sys tem (1), 
which would allow a solution to be found without fur -  
the r  s i m p l i f i c a t i o n .  W e  i n t r o d u c e  d i m e n s i o n l e s s  v a r -  
i a b l e s  according to 

u--vffV,  v=ReoulV , ~=y /h ,  ~ : x l R e h ,  

0 = (T--rt)To, P=(P--Po)IP#, 

We assume  the dependence of v i scos i ty  on the t e m -  
pe ra tu re  of the liquid is  expressed  by ~ = %exp (--a0) 
when ~ = eonst .  System (1) may  then be wri t ten in the 
fo rm 

u - -  -Fv exp (-- aO) - -  - -  , 
a~ an an a~ 

au Ov 
- - - - - - = 0 ,  (2) 
a~ 'an  

Pr u-ff~ +v-~-~  =O.q-- 7 . -~-  

with boundary conditions 

u =  1, ~=:0,  P = 0  when .~=0, 

u = 0 ,  v = 0 ,  at 00 ! : 2 0 : - - A - - a ~ T ~  whence=0 ,  
h 0",1 To 

u = 0 ,  o = 0 ,  ~ dO + ~ - -  B--}o.T~ w h e n ~ = l .  
h O n To 

Replacing the der ivat ives  by f ini te-difference r e -  
lations, as  is done in solving boundary l ayer  equa- 
t ions, we obtain instead of (2) the Finite-difference 
sys tem 

[iLk Hi+l'k --Lli'k I- ,, /2"i.k+l --Ui.k--I 
A~ 2 A~I 

= { exp (--a0i+l. ~+1/2) ui+l, ~ l + e x p  (--aOi+,, k-l/2) ul+,. k--1-- 

--lexp(--~i**.~+ ,2) + 

1 OP 

Arj IU~§247 L k - -  Ui+I, k =Vi+l, k--l-- ~ -~  

- (ut, ~-~ +u, .  k)], 

Oi+l, k--~ti, k k4-1--Oj, k--I ) 
Pr (ul.k A~ +v~.~ Oi, 2 A~I 

= Ot+l ,k+l+Oi+l,  k--l--20i+1, k , 
(A~I)2 -r 

-~rnexp(--aO' ' ) (u"-k+l--u" ' - t )  ' i  ' 2At, (3) 

where  Re =Vho/,%; V, To, T~ a re  charac te r i s t i c  con- 
s tants .  

We wri te  

P r = %  ~0/~, m=@oVVXToJ. 

with appropr ia te  boundary conditions. System (3) de- 
t e rmines  the solution at the points of the rec tangular  
net~c=iA~,~l~ -=k&~ 1 ( i=  1,2,3 .... ; k = 0 ,  1,2, . . .  ,K), 
w h e r e  0t,t_*w2 - (@t, t , t+0.k) /2 .  For  known values ul. ~. 
vt, k. 0,  t we find the quantities r k f rom the third 
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Fig. i. Velocity profiles in a two-dimensional tube with 

~ = 0 . 0 5 ,  P r =  100, m = 0 . 1 .  1) k = 1 ,  c ~ = 2 ~ 2 } k = - 1 ,  
c~ = 2 ;  3) c~ = 0. 
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Fig.  2. T e m p e r a t u r e  prof i les  ~ = (T - T1)/T 1 at va r ious  
d i s tances  f rom the inlet ,  under  a s y m m e t r i c  heat ing and 
P r =  100, ~ = 2 ,  m=O,  ~ =0.0025 (1); 0.05 (2); and 

3.9 (3)., 
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equat ion of s y s t e m  (3). The rea f t e r ,  the f i r s t  equation 
of (3) may  be put in  the fo rm 

~25 

/V[i~L k tti ~-l, I~ ~ I  - "  ;Vi+l, k Ui+ I ,  I~ - IF  Ci+l,  k Ill+ t, k--I 

r 
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Fig. 3. Velocity prof i les  at d i f ferent  d i s tances  
f rom the inlet  with a s y m m e t r i c a l  heat ing P r  = 
= 100, ~ = 2, m = 0, and ~ =0.0025 (1); 0.01 

(2); 0.05 (3); 3.9 (4). 

(4) 

m 

Values of the quant i t ies  M,+, ,  ~, .Vi+,. k, Ci ,  ,. ~, D~+~. ~, 

s ~ a re  known. We seek a solut ion of (4) in  the fo rm 

(5) 

The quant i t ies  ~,~+t. ~. and zi+,. ~ sat isfy  the di f ference 
equat ions 

Mi § I, k ~:'i ~-,, j,,~ 1 1 .\'i + ,, ~. ~:',', ,. i.. + Ci, ,, I.. a:'i ~ 1, I.-, =: I ) , .  1. k, (6) 

Nli ,,~,zi,l,k~, + Vi~l,/..z~l,/, C i , , , / z i . , / , , - i  t:i~,.~.. (7) 

with zero  boundary  condi t ions .  In tegra t ing  the second 
equation of (2) over  the width of the tube,  we obtain 
the condit ion for  cons tan t  m a s s  flowrate:  

I 
,t ~,1 ~} : q, 

where  q is  a known cons tan t .  Replacing the in teg ra l  
in  th is  condi t ion by a f ini te  sum according  to the quad- 
r a t u r e  fo rmula  and us ing (5), we obtain the condit ion 
for  de t e rmin ing  the p r e s s u r e  der iva t ive :  

OP 
, , ) ~  . . . . .  (q - 

+ - . .  +:2 ' ,  1.!< 

1 
- . ,  , . . ,  

,) ~z" I,t* i--~i 1,1- 

-13 ~:',.~ ,. 1,: 

1 1 ) ~ 

The t rapezo id  fo rmula  was used in (8). 
F r o m  (5) we find the quant i ty  ,, , :  and f rom the 

second equation of (3) the quant i ty  ~,~ .,.~. T h e r e a f t e r  
we proceed to de t e rmine  the quant i t ies  in the fel low- 
ing row. The d i f ference  sy s t ems  were  solved by the 

pivotal  condensa t ion  method.  Calcula t ions  were  done 
for  cons tant  liquid t e m p e r a t u r e  at the inle t  (Tl) and 
cons tan t  wal l  t e m p e r a t u r e  (To) , the quant i ty  k = (T O - 
- T l ) / T l  a s s u m i n g  dif ferent  va lues .  Since the v i s c o s -  
i ty depends on t e m p e r a t u r e ,  the length of the sec t ion  
in which comple te  hydrodynamic  s tab i l iza t ion  occur s  
is  the same as that for  t h e r m a l  s tab i l iza t ion ,  but in 
the case  of i s o t h e r m a l  flow when P r  > 1 it  i s  g r e a t e r  
than the length for  t h e r m a l  s t ab i l i za t ion .  Since when 

~ ~ the liquid a s s u m e s  a t e m p e r a t u r e  c lose  to that  
of the wal ls  (the d i ss ipa t ion  effect at  the va lues  of the 
p a r a m e t e r s  chosen here  is  smal l ) ,  the veloci ty  p ro -  
f i les ,  even for  l a rge  va lues  of the va r i ab le  }, a re  
c lose  to parabol ic .  

The whole in t e rva l  of veloci ty va r i a t i on  may be 
divided into two p a r t s .  In the f i r s t  par t  (up to } 

0.05) the veloci ty  prof i le  is  observed  to change 
rapid ly  f rom being un i fo rm at the inle t  sect ion to 
some prof i le  co r r e spond ing  to different  t e m p e r a t u r e s  
of flow core and l ayer  n e a r  the wal l .  The length of 
th is  sect ion is  c lose  to that for  hydrodynamic s tab i l i -  
zat ion in i s o t h e r m a l  flow and does not a l t e r  much for 
va r ious  t e m p e r a t u r e  condi t ions  (Fig. 1). In the sec -  
ond sect ion the re  occurs  a s imul taneous  slow change 
of veloci ty  and t e m p e r a t u r e  prof i les ,  t e r m i n a t i n g  at 
the end of t h e r m a l  s tab i l iza t ion .  

At the usual  va lues  of the p a r a m e t e r s ,  the effect 
of d iss ipa t ion  on the na tu re  of the in i t i a l  sect ion 
proves  to be smal l ,  and in some ca lcu la t ions  it i s  a s -  
sumed that m = 0. Calcula t ions  were  c a r r i e d  out for 
values  of the p a r a m e t e r s  for which the re  exis ts  a 
s table solut ion l imi t ing  with r e spec t  to ~ [6]. 
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Fig. 4: TemperatLtre profi les  for constant  heat 
flux through the wall, Pr  = 100, ~ = 2 ,  m = 0 ,  

and ~ = 0.1 (1); 10 (2); 30 (3); 54.5 (4). 

A ca lcula t ion  was also done for the case when the 
wall of a two-d imens iona l  channel  is  main ta ined  at 
va r ious  t e m p e r a t u r e s  different  f rom that of the liquid 
at the tube inlet ,  the t e m p e r a t u r e  of one wall  being 
above and that of the other  being below the inle t  t e m -  
pe ra tu re  of the l iquid.  The veloci ty  profi le  in this  
case  changes f rom being un i fo rm at the inlet  to some 
a s y m m e t r i c a l  profi le ,  the a s y m m e t r y  being de t e r -  
mined by the dependence of v i scos i ty  on t e m p e r a t u r e  
in conformi ty  with the change of t e m p e r a t u r e  prof i le  
(Figs.  2 and 3). A ca lcula t ion  was also c a r r i e d  out 
for  constant  heat  flux through the tube wal ls ,  given by 
the condit ion 



JOURNA L OF ENGINEERING PHYSICS 61 

0T := Q when t/=0, 0_7" __ 0 when .u= _h~. 
0t/ " O!] 2 

In this case the dimensionless temperature  is de- 
termined by the formula 

O = ( T - -  Yl)/Qh, 

which leads to the boundary condition 

O~_=lwhenq=O,  O~=Owhen  q 0.5. 
011 Oq 

The calculations were carr ied out for Q > 0, i . e . ,  
for uniform two-sided cooling of the liquid. Since the 
liquid temperature  close to the inlet differs little f rom 
its value at the inlet, the velocity profile changes 
from being uniform to near-parabol ic .  Later on, a 
slow change of velocity profile takes place, in ac-  
cordance with the change of temperature  profile.  At 
some distance from the inlet section the temperature 
profiles change, while remaining similar,  but the ve- 
locity profiles at a given mass  flowrate do not change 
(Fig. 4). 

In the calculations steps A~ and A~ were subdivided 
until the results  agreed to three significant f igures.  
At Pr  >> 1 the third equation of (2) has a small param-  
eter  in the leading derivative. We shall examine the 
model equation 

A + B  at=0, 

where A =eonst ,  B = const. In this case the scheme 
employed in the present paper is close to the scheme 

~i+1, k--~i, k , B ~ i , ~ + ~ O i . ~ - l _  O, r- 

~ A 2 A-~ 

which is stable when B A~/A (AT1) ~ : coast [7]. 

When there is cooling of the liquid, the quantity 
v/u is large in the wall layer  in the initial section, 
and when the value of A~ is reduced, a considerable 
reduction in A~ occurs  (we note that in these condi- 
tions there is no justification for simplifying the or ig-  
inal system of Navie r -  Stokes equations). 

NOTATION 

Vx, Vy--velocity components; p - -pressure ;  T-- 
temperature;  ~--viscosi ty ;  J--mechanical  equivalent 
of heat; h--width of tube; V--character is t ic  velocity; 
T0, Tl-- temperature  of wall and of liquid at inlet; u, 
v--components of dimensionless velocity; P--dimen-  
sionless pressure ;  ~--dimensionless temperature;  
4, ~--dimensionless coordinates; q--dimensionless 
mass  flowrate; ~1, ~2, A, fii, fi2, B--arb i t ra ry  con- 
stants; ~-- exponent in vi scosi ty- temperatu re rela-  
tion. 
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